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From the definition of@(-), one can prove through lengthy but [9]
simple calculations that
[10]
_%%ff;;ﬂi.< (16QI° + 16p°|QI” + 85(Xo)?) x|*.  (55)
1+ 02(x, 1) = p o) I [11]
We deduce that (39) holds with= 1/(128(|Q|* + p*|Q|* +
5(X0)?)). [12
2) Now, we prove (40), which is satisfied if, for a given new constant
¢ > 0, there exist\o andp such that [13]

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 8, AUGUST 2002

——, “Asymptotic tracking of a reference state of systems with feedfor-
ward structure,’Automaticavol. 36, pp. 179-187, 2000.

R. Ortega, A. Loria, P. J. Nicklasson, and H. Sira-Ramireas-
sivity-Based Control of Euler-Lagrange SystemBlew York:
Springer-Verlag, 1998.

K. Y. Pettersen and H. Nijmeijer, “Global practical stabilization and
tracking of an underactuated ship—A combined averaging and back-
stepping approach,” ifProc. IFAC Conf. Systems Structure Control
Nantes, France, July 1998, pp. 59-64.

] R. Sepulchre, M. Jankovic, and P. Kokotovgonstructive Nonlinear

Control. New York: Springer-Verlag, 1996.
A. Teel, “Feedback stabilization: Nonlinear solutions to inherently non-

linear problems,” Mem., UCB/ERL M92/65, June 12, 1992.

[14] ——, “A nonlinear small gain theorem for the analysis of control
systems with saturationJEEE Trans. Automat. Conjrvol. 41, pp.
1256-1270, Sept. 1996.

%

.T,TQ‘ o (|z]g)’ D(t)TQrc(2

< el + phov (J2lo) lelo [D@)T Qa| (56)
c|a:TQ,\0(t)|/\§M ‘D(t)TQ;L’_
|‘T'|Q
B 2 - _ . .
< i+ a0 () Opimal Conl o o Resoure Sharng Mutiprocessor

Using |o(-)] < 1, one can check readily that (56) holds if
cMolzT Q| < |x|g. This inequality is satisfied i, is suffi-
ciently small.

Inequality (57) is satisfied if, with\, chosen such that (57)
holds, there exists > 0 such that
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Abstract—Shared resources and the processes that control them
play a critical role in the functioning of concurrent systems. This note
analyzes the production control of a workstation producing a number
of products concurrently. The workstation is periodically stopped for
maintenance. The objective of the production control is to minimize
inventory and backlog costs over an infinite time horizon. Using the
maximum principle and under the so-called agreeable cost structure,
we derive the optimal production control. We prove that under this
cost structure, the problem can be solved in polynomial time.

Using the triangular inequality, we deduce that this inequality is
satisfied if

o (|z])’®
C/\35(>\0)|1|ﬁ
3
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< Je + dope (o) el [P T Qa] . (59)

|. INTRODUCTION

Sharing resources is common in industrial applications. Advances
in information technology have challenged Internet and database
suppliers with the problem of providing a high level of service in the
face of permanently growing demands. Specifically, the explosive
growth of the Internet and the World Wide Web has brought a dramatic
increase in the number of users that compete for the shared resources
of distributed system environments [10]. Similarly, efficient control
of shared resources is crucial for data base processing where online
memory is allocated to each microprocessor [11], [8], as well as for
designing a high-performance robot controller with multiple arithmetic
ﬁrocessing units (APUSs) [1]. Besides these modern applications, the
classical problem of optimal scheduling of flexible-manufacturing
systems, which comprise a number of work-cells where production
resources are shared remains of significant practical importance [14].

As technology progresses, systems with shared resources become
more complex. In order to realize the full economic life cycle of these
systems, as well as to obtain maximum availability and reliability

2
Ao (J7lo)* [DT Qx| < plelly

(59)

wherec > 0 is a constant independent@fnd),. Since|D(t)|
is smaller than a strictly positive constant foralk> 0, we de-
duce that one can choose a sufficiently lapgguch that (59) is
satisfied. A
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of such equipment, periodic maintenance is vital. The literatufhe objective is to find an optimal cyclic behaviar,((¢), X (¢)) of
presents several methodologies for incorporating maintenance &inel workstation that satisfies constraints (2), (4), and (5) while mini-
system’s control policies in stochastic environments (e.g., [2]-[4fizing the following piecewise linear cost functional:
or in deterministic environments (e.g., [7] and [12]). Deterministic t s
works typically proceed in two research directions. One is to suggest J = / Z [c,TX,J{(t) + c;Xn‘(t)] dt @
an efficient analytical production and/or maintenance policy. The ts n
main disadvantage is that strong limitations are introduced into thgere
model in order to obtain a tractable solution. Among the limitations _+ B _ _
is the a priori assumption that the maximum maintenance rate is ~Xn (1) = max{Xn(?), 0} X, () = max{-X..(1), 0}  (8)
equal to a constant coefficient times the maximum production rate andc; are the unit costs of storage (inventory) and backlog of
[6], application for a group of i.i.d. machines (e.g., [15]) or refe”in%roduct-typen respectively.
to only one product type [9]. The last work [9] studied a simple |, this note, we assume relatively large backlog costs are assigned
production system consisting of single machine and producing opg,oqycts that cause large inventory costs and vice versa, formalized
part type. Demand rate was assumed to be constant and maintenalcR)|iows.
was performed on a perlod_lc basis. Pontryagm S maximum prlnCIpIeAssumption 1: The inventory and backlog costs are agreeable, that
was used to solve analytically the special case of one up—doygn if +U. > ¢tU., thene—U, > ¢=U., and vice versa, for
cycle. Since analytic solutions are rarely available, the other direction | E Q. wheren§,2 r ’{1 "y }" e '
involves using dynamlc programming gnd the maximum principle’y ) .o out loosing generality, we also assume thatiit, > ¢+, U,/
for numerical approximation of the optimal control and prevennv% / g ) . . , e

. ) . . enn > n',andifn # n' thenc U, # ¢, U,s,n, n' € 1, where
maintenance over fixed time points (e.g., [5] and [12]). n

_ . . o . O ={1,...,N}.

This note follows the analytical avenue in providing an optimal so-
lution. To the best of our knowledge, besides the aforementioned work
[9], there is no suggestion in the literature regarding an analytical solu-
tion for optimal scheduling of concurrent processing under periodically The maximum principle [12] is used in this section to construct a dual
maintained shared resources. We extend the work of [9] by focusinggidblem. The Hamiltonian is the objective function of the dual problem
a deterministic production system consisting of one workstation, whigid is maximized at every point of time by the optimal contrgl$t).
produces a number of product-types (multiprocessor with shared reapplying the maximum principle to problem (2)—(7), the Hamil-
source). The workstation is periodically stopped for maintenance. tonian, denotedd, is formulated as follows:

H==>"[ch X7 (0) +on Xo (0] 4> v (®)(un(t) = du). (9)
Consider a workstation producing/ product-types to satisfy The co-state variables;, (t), (see [12]) satisfy the following dual dif-

demand ratel,, n = 1, 2, ..., N. The workstation is periodically ferential equation with corresponding periodicity (boundary) condi-
stopped for maintenance. Defing the time at which the production tion:

I1l. DUAL FORMULATION

Il. STATEMENT OF THE PROBLEM

period startst ; the end of the maintenance peridd the production o if X, (¢) >0
duration, and\/ the maintenance duration. We then have , "
Un (t) = —Cp » if X, (t) <0
ty =ts+ P+ M. 1
! @) a,a € [—cy, ct]. if X, () =0
Assuming the system has reached the steady-state, then the cyclic be- | ,
Vults) =n(ty). (10)

havior of the system can be described by the following differential
equations: To determine the optimal production ratg(t) when A(¢) # 0, we
- ; consider the following four possible regimes, which are defined ac-
Xn(t) = A(t)un(t) — dn cording tol,, 4., (t).
X, (t,) = X (ts), n=1,2 ...,N @) 1) Full Production (FP) Regime':This regime appears if there is
ann such thatl,,v,.(t) > 0, andU, v, (t) > Uprip,(t), ¥n' #
whereX,, (t) is the surplus of produet at timet, if X,.(t) > 0,and n, n, n' € Q. Inthis regime, according to (9), to maximize the Hamil-
the backlog, ifX.,(t) < 0.u,(t) is the production rate and(t) isa tonianwe should have, (t) = U, andu,,(t) = 0,Yn’ #n, n, n’ €

periodic maintenance function defined as Q.
A = 1, ift.<t<t,+P; - th'2) Ng Pr(t)ductioln .(NPt)hR?_'gimﬁlf L./'n'/'ln(t) ; ()I,dvhn Et Q_ IOn
=10, if 1.+ P <t<tet P+, v;s reeg?)me 0 maximize the Hamiltonian, we should hawét) = 0,
The production rate is a control variable, which is bounded by the max-3) Singular Production §-SP) Regime:This regime appears
imum production raté’,, for productn if there is anS C €, the rank of S [the rank of S is de-
0< ()< 4 fined as the number of units i and denotedR(S)] is greater
< un(t) < Un. “) than 1, andU,. . (t) = Up4/(t) > 0,Vn,n' € S, and

Since the workstation can produce a number of products concurrently, V= (t) > Umt¢m(t), Vo € S, m ¢ S. In this regime there is a

the following constraint ensures the production not exceed the capaci§t of productss (the active set) for which the Hamiltonian gradients
U,y (t) > 0 are equal to each other and are greater than all the other

“"_(t) <1. (5) gradients at an interval of time.
— U 4) Singular Production (Z-SP) Regiméfhis regime appears if
i W — U ., = n. n' 4
In order to assure that the demand can be fulfilled at each productf'e IS & C € S,”C,h thatl, gn (t) = Unr s (t) = 0, Vi, n' € Z,
andU, v, (t) > Ut (t), Yn € Z, m ¢ Z. In this regime there is
cycle, we also need that ’ ; . . .
a set of productg (the active set) for which the Hamiltonian gradients
dn r (6) Untu(t) = 0and are greater than all the other gradients in an interval
— Uy — P+ M of time.
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IV. PROPERTIES OF THEOPTIMAL SOLUTION

The optimal production rates under the singular production regim%‘s
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First,if ¢, (¢) < 0to maximize the Hamiltonian we must hawve(t) =
Next, by differentiating (18), we obtain

are discussed in the following three lemmas. U (t) =i (t) =0, t €7 foralln, n' € Z (19)
Lemma 1: If there is ann € 2 such thal/, v, () > 0, then . .
B Using the same argument as in Lemma 2, we have
l) aneﬁ (”n)(f)/bnr) = 11
2) if un(t) > 0thenUp, vy, (t) > Uy, (t) foralln, ' € Q. Xn(t) =0, un(t) =d., t €7 foralln e Z (20)
Proof: Since the optimal control maximizes the Hamiltonian (9), -

the first part of the lemma must hold otherwise we could increase)

to enlarge the Hamiltonian. To prove the second part of the lemma, g8ye setz
sume there is an’ such that,, v, (t) < U,,-4,,-(t). Also assume the

portion of production capacity allocated to parts .. (¢)/U, = «.

Thenal,, ¢, (t) < alU, ¥,/ (t) and if the same capacity were allo-
cated to part’ instead of:, HamiltonianH could be increased. How-

ever, this violates the optimality assumption.
Lemma 2: Let the S-SP regime with its active s&f be in a time
interval . Then, the following hold fot € 7:

1) X, (t) # 0 and

Un~(t) = Up» | 1 — Z

nes,
n#£n*

dr

[/’777,

for n* = ming,cs n;
2) un(t) = dn, Xn(t) =0foralln # n*, n €5,
3) un(t) =0foralln ¢ S.
Proof: According to the definition of th&-SP regime

Unthn(t) =Uptppr(t) >0, t €7 foralln, n' €5, (12)
and
Unthn(t) >Uipi(t), t €7 foralln e S, 1 ¢ 5. (13)
By differentiating (12), we obtain
Unthn (t) = Uprthns (1), t € 7. (14)

Considering Assumption 1 and the definition.of (t) shown in (10),
(14) can be met in only the following two cases:

Casel)X, (t) = 0foralln € S,

Case2)X,~(t) # 0,andX, (t) = 0foralln # n*,n € S with

n* = min,esn and
. dn
nes,
o *

If X..(t) = 0in atime interval for some € S, then differentiating

X,.(t) = 0 and using (2), we obtain
w,(t) =dy. (7)

However, from (6), we have

1 Z d U+ (T) _

— >0, thus ‘
Un - L’Tn*
neQ

d, dp*

1- > .
Un - L’Tn*

ncs,
n#En®

The next lemma shows that there must b&-&P regime with its
= Q in some time intervat.

Lemma4: Let" (dn/Un) < P/(P+ M), then during the pro-
duction periodP there must be Z-SP regime with its active s&t = 2
in some time intervat.

Proof: We first notice that under th&-SP,Z-SP, and FP regimes
> (un(t)/Uy) = 1. Also, based on the assumption of this lemma,
we havey, (d./U.)(P+M) < P.Therefore, during the production
durationP, if we only use the5-SP,Z-SP, and FP regimes, we would
haved" (dn/Un)(P+ M) <3 (un(t)/Us)P, which implies the
production would exceed demand. This violates our cyclic production
assumption. Therefore, there must be a time peFipdC P, during
which > (u.(t)/U,) < 1, and the only possible regimes durifig
are Z-SP and NP. ItZ # , eitherZ-SP or NP will result in some
product(s) being not produced. That is, there exists seraech that
un(t) = 0,¢ € Py. We now argue that this cannot be the optimal
solution.

For suchn thatu,.(t) = 0,t € P, we must have),, () < 0 under
Z-SP or NP regimes. IX,, (t) < 0, theny,, () < 0 and, thus, product
n will not be produced again. This contradicts the cyclic production
assumption. IfX.(¢) > 0, then we can certainly reduce the overall
cost by doing the following. We first reduce the production in the period
beforeP, so thatX,, (¢1)0, wheret, is the starting time oP. We then
letu,(t) = dn,t € Py maintainX,,(¢) = 0,¢ € P,. Both will reduce
the inventory cost. Thus, we must have(¢) # 0, alln € Q,t € Py.
Therefore, the only possible regime4sSP withZ = €. [ |

In the following, we will establish the optimal production sequence,
starting fromZ-SP regime withZ = Q. First, Lemma 5 shows that the
regime following the aforementioned-SP regime must be a$i-SP
regime withS = Q.

Lemma 5: Let 1 and~ be two consecutive time intervals, fol-
lowing 7. If the Z-SP regime is i, thenu,, (¢) > 0 foralln € Z,
t € 1. Further, ifZ = €, then there is a$-SP regime inr with
S = Q.

Proof: According to Lemma 3X,,(¢¥) = 0 andv,,(t) = 0 for
n € Z,t € n.lfun(t)0,t € 72, then from (2) and (10), we have
X, (t) < 0,¢,,(t) < 0,andy,(¥) < 0,t € 7. Thereforey, (t) <
0 for ¢ > t;, wheret; is the starting time of» and product» will
never be produced again. This contradicts the assumption of the cyclic
production requirement. Il = €, thenu, (t) > 0 foralln € £,

t € 72. This can only happen $-SP regime is in» with S = Q. =
We now state the relationship between two consecufiv8P
regimes.
Lemma 6: Let two .S-SP regimes with their active sefs andS- be

In Case 1)un«(t) = dn.. Thus, the previous inequality implies thatin two consecutive time intervals andr, m» following 1 andm =
the Hamiltonian in Case 2) will be larger than the Hamiltonian in Casgin,cs, n. If X, (¢) > 0,¢t € 7 andm > »n', Vn' € Q, n' ¢ S1,
1) and, therefore, Case 2) provides the optimal control. The maximizaenS; = Ss + m.

tion of the Hamiltonian also demands that(t) = 0 foralln ¢ S.
From (17) we have., (t) = d,,,foralln # n*,n € S. [ ]
Lemma 3: Let the Z-SP regime with its active séf be in a time
intervalr. Thenu,, (t) = d,,, X,.(t) = 0O foralln € Z andu..(t) = 0
foralln ¢ Z,t € 7.
Proof: Consider theZ-SP regime which by definition satisfies

Yo (t)=0,t €7 foralln e Z, (18)

and

V. (t) <0,t €T foralln ¢ Z.

Proof: If n € S1,n > m, then according to Lemma 2 we have
X, (t) = 0, U0 (t) = Ut (t), t € 7. If u,(t) = 0, €
T2, then X,.(t) < 0,t € . Further, since» > m, if X,(t) <
0, Untn(t) < Um¥m(t) (see (10) and Assumption 1). Therefore,
Unthn(t) < Ut (t) for all t > ¢, wheret; is the starting time
of 7. This ensures., (t) = 0 for all ¢ > ¢; which contradicts the
cyclic production requirement. Therefore, (t) > 0, € 7. Thus,

n € Ss.
We next show if: ¢ S; thenn ¢ S,. We first observe that by defini-
tion of anS-SP regimel/,, v, (t) > U4,/ (£), Vn € S1,n’ & Sy,
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t € 7. Sincen > n' forVn € S1, n' ¢ S andX . (t) > 0,temn
(assumptions of this lemma), we halig v, (t) > 0, U, ¢ (t) > U,w, (0
U,br (1), ¥n € S1,n' ¢ 51 [see (10)]. Thereforel/, v, () >

Uprthyr (1), ¥n € S1,n' ¢ S1,t = t1, wheret,, as previously de-

fined, is the starting time of.. Thereforen’ ¢ S-. SinceS: # 52,

we must haveS; = Sy + m. [ ]

The aforementioned lemmas show that there musthes® regime Xi()
with Z = Q (Lemma 4) followed immediately by a$+SP withS =
(Lemma 5). The possible regimes afterwards®&®P regimes defined
in Lemma 6. We now show that an FP regime must be the last regim  x,(
before the maintenance period.

Lemma 7: Let i andr» be two consecutive time intervals, fol-
lowing 7 . Further,S-SP regime with its active sétis in ;. Then, FP X0
regime is inr, if and only if R(S) = 2. (Recall thatR(S) denotes the 5’
number of units inS).

Proof: If R(S) > 2 there would exist:; € S andn, € S such
thatny > m andna > m, wherem = min,cs n. If FP is inm then
eitheru, , (t) = 0 oru,,(t) = 0,t € 7. However, this contradicts Fig. 1. Optimal behavior of the state and co-state variablesfer 3.
the arguments established in the first part of Lemma 6.

If R(S) = 2, there exists am € S, n > m. According to the
argument in Lemma 6, the only possible regime ig 7 is an FP
regime. [ ] Step 1) Sort products accordingdpU,, in ascending order.

It is easy to show that only the maintenance period can stop arStep 2) Find3N switching pointst,,, #,,, th, n = 1, ..., N by
FP regime. The previous lemmas established the optimal sequence of solving 3N equations (21)—(23).
regimes between th8-SP withZ = Q and the maintenance period. It Step 3) Determine the optimal production rates in each regime
is summarized in the following lemma. according to Lemmas 2 and 3.

Lemma 8: The optimal production regimes from tHeSP regime to  Note that the aformentioned algorithm the production is organized ac-
the maintenance period are the followidfySP— S-SR — S-SR —  cording to the weighted lowest production rate (WLPR) rule, where
«++S5-SPv_1 — FP— Maintenance, wher8-SP; is anS-SP regime the maximum production rate is weighted by the inventory or backlog
with its active set being. = {k, k+1, ..., N}. costs. In contrast to most WLPR rules, which only allow one product

A similar lemma will show that the optimal production regimes aftefith the lowest production rate to be produced at a time, this algorithm
the maintenance period is the reverse of the sequence in Lemma 8 ghi# assign a number of products to be produced concurrently. Since
to the agreeable cost coefficients (see Assumption 1). Mainterancethe production rate is inversely proportional to the production time,
FP— S-SPv_1--+ — 5-SB — S-SP — Z-SP. the concurrent WLPR rule is consistent with the weighted longest pro-

Having determined the optimal control regime sequence, our nedssing time (WLPT) rule well known in scheduling literature [13].
step is to determing, , the time instances at which the regimes change The complexity of the algorithm is determined by Step 2), which
after Z-SP regime, but before the maintenance, gndhat after the requiresO(N?) time to solve.
maintenance as shown in Fig. 1.

V. SCHEDULING ALGORITHM

We further denote maintenance interp‘é_lf, 341, and time instance VI. CONCLUSION
t; at which inventory levels cross zero line,= 1, 2, ..., N. By . . ) )
integrating (2), we immediately find The optimal production control of a workstation with
N -product-type and periodic maintenance is studied. The model
Nl d; . portrays the behavior of many systems, such as telecommunications
1- Z U, Un(tusr = tu) = dulty = ta) =0 and computer complexes, which have multiprocessor ability to share
i=ntt resources. The objective is to minimize inventory and backlog costs.
n=1,..., N, txp =t (21) With the aid of the maximum principle, properties of the optimal
regimes and conditions for solving the problem polynomially are de-
P , , , . rived. As a result, an efficient algorithm is constructed for solving the
1= , Z+1 U: Un(tn = thgr) = dulty =) =0 problem inO(N*) time if inventory and backlog costs are agreeable.
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The second result states that if the impulse response changes sign
r times, then sufficiently higher order derivatives of the transfer
function will have exactlyr real, positive roots; furthermore, the
relationship between those roots and the time at which the impulse

Controller Synthesis for Sign-Invariant Impulse Response  response changes sign is explicitly characterized. While the first

result in [17] indicates that any stable system with real, nonminimum

phase zeros has an undershooting step response, the results in [8]

and [15] further classify the undershoot in a step response into

Abstract—In this note, we consider the problem of designing con- Type A or Type B based on the tlmg of its first occurren_ce. In [6],
trollers for discrete-time linear time-invariant (LTI) plants that render ~ &N UPPer bound on the number of sign changes of the impulse and
the closed-loop impulse response nonnegative. Such systems have &€p response for continuous-time systems, based on the location
nonundershooting and nonovershooting step response. We first show that of poles and zeros of the transfer function, is provided.
the impulse response of any discrete-time LTI system changes sign at least | [10], two sufficient conditions are provided for obtaining a

“p” times if it has “ »” real, positive zeros outside a circular disk centered . . .
at the origin and containings)all its poles. We then show that a necessary nonovershooting step response qf a co'ntlnuous_-tlme LTI SyStem'
and sufficient condition on the plant for the existence of a compensator Pased on state space data. While a discrete-time LTI system is
that makes the closed loop impulse response sign invariant is that there Sign invariant iff its Markov parameters are nonnegative, this is not
be no real, positive, nonminimum phase plant zeros. Finally, we show, by necessarily true in the case of continuous-time systems. In [1], it is
construction, how such a compensator may be synthesized when the plant conjectured that the continuous-time LTI system described by the
does satisfy the existence condition. minimal triplet,(4, B, ('), is sign invariant iff the Markov parameters
Index Terms—mpulse response, nonminimum phase systems, nonnega-of some modified triplet(A\I + A, B, ') are nonnegative for some
tive impulse response, parity interlacing, step response. real\. A counterexample to this conjecture is any minimal realization
with 1 + € — cos(wqt) as its impulse response, wheris an arbitrarily
small positive number [13].
The synthesis of a nonovershooting step response via a two-param-
In this note, we consider the problem of designing controllekster compensator is considered in [7] for continuous-time systems.
for discrete-time linear time-invariant (LTI) systems that achieve |a [3], it is shown that a nonovershooting compensator exists for any
discrete-time time system. However, a nonundershooting compensator
may or may not exist.
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