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Abstract This paper is motivated by inventory problems arising in supply chains
characterized by continuous replenishment programs based on information ex-
changed (reviewed) only intermittently between a manufacturing system (supplier)
and a customer (retailer). When the replenishment is once-per-period, rather than
at any point of time, a well-known result is the optimality of the so-called myopic
base-stock policy. We generalize the notion of the base-stock policy and study the
optimality of the corresponding class of dynamic myopic policies. We identify a my-
opic policy and prove that although the replenishment rule is dynamic, this policy is
optimal when the demands are stationary and the number of review periods tends to
infinity.

Keywords Inventory management · Dynamic programming · Continuous
replenishment

1 Introduction

The incorporation of random demand and yield into manufacturing system models
has been of interest as early as 1958 [1]. Since then, many authors have considered
such problems in various forms. For example, Yano and Lee [2] provided a compre-
hensive review of the existing literature. Based on system modeling characteristics,
they arranged random yield/demand, lot-sizing problems into categories: discrete-
time models, which include single-stage models (both single and multiple period);
multiple stages in tandem; assembly systems; and continuous-time models with ei-
ther constant demand rates or random demand rates.
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Classical, multi-period (discrete-time) inventory models are usually treated us-
ing recursive dynamic programming; see [3] for a variety of this type of models.
When these models incorporate continuous replenishment and continuous inventory
updates, they are commonly treated using a continuous-time dynamic programming
approach; for example, see [4–7]. If no updates are available during the planning hori-
zon, while the replenishment is continuous, the maximum principle is used [8–10].

This work considers a continuous stochastic control (inventory replenishment)
with periodic updates, thereby dealing with the challenge of integrating the above
streams of research. The stochastic control problem of inventory replenishment has
arisen due to a relatively new approach in allocating responsibility in the replenish-
ment process: vendor-managed inventory (VMI). As opposed to traditional orders,
where the customer decides to replenish or not, the VMI approach implies that the
supplier, who decides on the customer’s behalf, is responsible for the inventory costs
incurred by the customer. The decision on how many products to replenish and when
is based on the information, which is periodically transferred between the parties.
Specifically, the manufacturer handling the retailer’s inventories periodically receives
updates about the retailer’s inventory levels and replenishes them at any point of
time [11, 12]. It has been shown that vendor-managed systems lead to better informa-
tion sharing between the retailer and the manufacturer [13, 14], as well as to increased
flexibility in the manufacturer’s production operations [15, 16].

The so-called myopic base-stock (order-up-to) policy has been found to be op-
timal for the classical, once-per-period replenishment system, with end-of-period
inventory-related costs when the number of the review periods tends to infinity (see,
for example, [3]). Rao, however, analytically shows in [17] that the use of a replen-
ishment interval order-up-to policy under continuous inventory costs, instead of the
optimal policy, increases costs by 41.42% in the worst case. Rudi et al. [18] fur-
ther elaborate on this issue by considering a simple periodic replenishment problem
with zero lead time, zero fixed procurement costs and no discounting over an infi-
nite horizon. They investigate the effect of an end-of-period accounting scheme for
inventory-related costs, when costs actually accrue in continuous time. They conclude
that end-of-period cost accounting without parameter adjustments is, in general, in-
appropriate and suggest an adjustment to the demand parameters that serves as an
approximation.

In this paper, we derive an asymptotically optimal, dynamic, base-stock policy that
accounts for continuous inventory costs and continuous replenishment. Specifically,
we formulate the continuous replenishment problem (Sect. 2) and generalize the no-
tion of the base-stock policy (Sect. 3). We study the optimality of such a class of
myopic policies (Sect. 4) and identify an optimal myopic policy, when costs accrue
in continuous time. We prove that, although the optimal replenishment is dynamic,
i.e., it depends on time along each review period, this policy is optimal over all pos-
sible policies when the number of the review periods tends to infinity (Sect. 5). The
results are summarized in Sect. 6.
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2 Statement of the Problem

Consider a supplier who replenishes a retailer’s inventories with a single-product
type. Since the demand for the product is random, the retailer periodically provides
the manufacturer with updated information about his inventory levels. Let n be the
index of review periods, n = 1, . . . ,N , each period of length τ . Then period n is
determined by time t such that (n − 1)τ < t ≤ nτ , for n = 1, . . . ,N . Let the supplier
choose a replenishment rate, u(t), which is bounded, i.e.,

0 ≤ u(t) ≤ U. (1)

We assume that sales of period n are lost once the period has been completed, i.e.,
backlogs are limited to the same period. Although our main results can straightfor-
wardly be extended to account for unlimited backlogs, this realistic assumption facil-
itates the presentation and enables us to limit the paper to a reasonable length.

Given fluid material flow over a fixed production horizon, [0, T ], the retailer’s
inventory process X(t) is described by the following dynamics:

X(t) = max
{
Xn−1,0

}+
∫ t

(n−1)τ

(u(s) − dn) ds

for (n − 1)τ ≤ t < nτ,n = 1,2, . . . ,N. (2)

In (2), Xn is the inventory level at t = nτ and Dn is the realization of a random de-
mand rate, dn, at period n. We assume that the demand is stationary, namely, it has
the same distribution over all periods. Denote by f (Dn) and F(x) = ∫ x

−∞ f (Dn)dDn

the density and cumulative distribution functions of the demand, respectively. Note
that, since no new information will become available during a period, the determina-
tion along the period of how much to replenish and when must be made based only
on the last inventory update (review), Xn−1.

The objective is to determine the replenishment rule {u(t)|Xn−1 : (n − 1)τ < t ≤
nτ } for each period n = 1, . . . ,N over the entire production horizon T in order to
minimize the expected average inventory cost

J
(
u,X0)= 1

T
E

[∫ T

0
g(X(t)) dt

]
, (3)

where g(·) is a piecewise linear cost function

g(X(t)) = c+X+(t) + c−X−(t), (4)

c+ and c− are respectively the non-negative unit inventory surplus and backlog costs,
X+(t) = max{0,X(t)}, and X−(t) = max{0,−X(t)}.

We let the replenishment plan during period n be un(·), i.e., un(·) = un(t)

for (n − 1)τ < t ≤ nτ,n = 1,2, . . . ,N , and introduce a new notation, un =
[un(·), . . . , uN(·)]. We next introduce the function

Jn

(
un,Xn−1)= 1

(N − n + 1)τ
E

[
N∑

i=n

∫ iτ

(i−1)τ

g(X(t)) dt

]

, (5)
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which is evidently identical to the objective function (3), when n = 1,Nτ = T . Then
the Bellman (cost-to-go) function is

B(N)
n

(
Xn−1)= min

un

{
Jn

(
un,Xn−1)}, n = 1, . . . ,N. (6)

Consequently, introducing for convenience

G
(
un(·),Xn−1)=

∫ nτ

(n−1)τ

g
(
X(t)

)
dt, (7)

the principle of optimality consists of the following recursive dynamic programming
equations:

B(N)
n (x) = min

un

1

(N − n + 1)τ

{
En

[
G(un(.), x) + (N − n)τB

(N)
n+1(x)

]}
,

n = 1, . . . ,N,BN+1(x) = 0. (8)

The index in the expectation En implies that the expectation is taken at period n. The
Bellman function is convex and the optimal policy for such a problem is presented in
the following proposition (see Theorem 1 in [19]).

Proposition 2.1 Assuming that the number of periods is finite, b = F−1( c−
c++c− ),

b < U , and that sales are lost at the end of each period, the optimal policy at each
period is

un(t) =
⎧
⎨

⎩

0, (n − 1)τ ≤ t ≤ t1,

b, t1 < t < t2,

0, t2 ≤ t ≤ nτ,

where (n − 1)τ ≤ t1 ≤ t2 ≤ nτ . In addition, if (n − 1)τ < t1 < t2 < nτ , then t1 =
(n − 1)τ + Xn−1

b
.

The calculation of the switching point t2 is quite convoluted. In the next section
we define a myopic policy, which is easy to calculate and implement. Moreover, this
policy can become optimal, as will be formulated below.

3 Optimal Myopic Policy for the First Two Periods

We focus on the policies which satisfy two important properties:

– the policies are myopic (as formulated in Definition 3.1 below);
– the inventory level replenished by the end of each period does not change over the

periods.

Denote inf(d) = inf{D|f (D) > 0} and sup(d) = sup{D|f (D) > 0}. We require that
the density function f (·) is continuous in the interval [infd, supd), and satisfies

f (Dn) > 0 (9)
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for every Dn,0 ≤ infd < Dn < supd and for every n.

Definition 3.1 A policy which depends only on the current review period is referred
to as a myopic policy.

We extend the notion of base-stock (order-up-to) policy, which is typically em-
ployed in discrete-time replenishment problems. Formally, a base-stock policy (with
base-stock Y(nτ) at the end of period n) implies cumulative replenishment of the
initial inventory of a period, n,Xn−1 ≤ Y(nτ), along this period so that

Xn−1 +
∫ nτ

(n−1)τ

un(τ ) dτ = Y(nτ). (10)

Thus, with respect to the properties discussed in this section, the myopic policies
which we consider are characterized by a constant base-stock level over the periods,
denoted by Y,Y = Y(nτ), n = 1, . . . ,N , and the replenishment rate at a period in-
dependent of future periods. Moreover, according to (10), Y ≥ 0, since we consider
the case of backlogs limited by the end of period, Xn ≥ 0 and Y ≤ bτ (otherwise,
Y > bτ and the replenishment rate must be greater than b at some interval of time,
in contradiction to Proposition 2.1). We start off by considering only the first two re-
view periods, n = 1,2. The main results of this section are presented in Theorems 3.1
and 3.2. Specifically, in Theorem 3.1 we prove that there always exists a base-stock,
Y ∗, in the open interval (0, bτ ), which minimizes the expected cost for the second
period (n = 2). The proof is based on the first- and second-order optimality condi-
tions (Lemma 3.1 and Remark 3.1, respectively). Theorem 3.2 handles the first period
(n = 1) showing that the base-stock which minimizes the expected cost for the first
period is bτ .

3.1 The Second Period

We assume first that

X0 = 0. (11)

Then with respect to a base-stock policy we have X0 +∫ τ

0 u1(τ ) dτ = Y , i.e., X0 ≤ Y

for every non-negative Y . In addition, we have X1 = max{Y − D1τ,0} ≤ Y .
Consider the policy from Proposition 2.1:

u∗
2(t) =

⎧
⎨

⎩

0, τ < t ≤ t1,

b, t1 < t ≤ t2,

0, t2 < t ≤ 2τ.

(12)

Let t1 = τ + Y(τ)−D1τ
b

and assume that Y(2τ) = Y(τ) = Y . The switching point, t2,
satisfies

Y − D1τ + b

[
t2 −

(
τ + Y − D1τ

b

)]
= Y,
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that is, t2 = τ + Y
b

. In addition, the switching points must satisfy

τ ≤ t1 ≤ t2 ≤ 2τ. (13)

Conditions (13) are satisfied, if Y ≤ bτ , for every 0 ≤ D1 ≤ Y
τ

.
If D1 > Y

τ
(i.e., X1 = 0), then, since t2 ≥ τ for Y ≥ 0, the policy (12) becomes

u∗
2(t) =

{
b, τ < t ≤ t2,

0, t2 < t ≤ 2τ.
(14)

Hence, for 0 ≤ Y ≤ bτ , we obtain

X1 +
∫ t

τ

u2 ∗ (s) ds

=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Y − D1τ, if 0 ≤ D1 ≤ Y
τ

and τ ≤ t ≤ τ + Y−D1τ
b

,

b(t − τ), if 0 ≤ D1 ≤ Y
τ

and τ + Y−D1τ
b

< t ≤ τ + Y
b
,

Y, if 0 ≤ D1 ≤ Y
τ

and τ + Y
b

< t ≤ 2τ,

b(t − τ), if D1 > Y
τ

and τ ≤ t ≤ τ + Y
b
,

Y, if D1 > Y
τ

and τ + Y
b

< t ≤ 2τ.

(15)

Denote φ2 = E1[E2[G(u∗
1,X

1(Y ))]], then φ2 depends only on Y for 0 ≤ Y ≤ bτ .
To find the base-stock, Y ∗, which minimizes the expected cost of the second pe-

riod, we differentiate φ2 with respect to Y :

∂φ2(Y )

∂Y

∣∣
∣∣
Y≤bτ

=
∫ Y

τ

0
dD1

∫ τ+ Y−D1τ

b

τ

dt

[∫ Y−D1τ

t−τ

0
c+f (D2) dD2

−
∫ ∞

Y−D1τ

t−τ

c−f (D2) dD2

]
f (D1)

+
∫ 2τ

τ+ Y
b

dt

[∫ Y
t−τ

0
c+f (D2) dD2 −

∫ ∞
Y

t−τ

c−f (D2) dD2

]
.

Denote by r the ratio between the backlog and surplus costs, c− = rc+. Conse-
quently, the last expression can be simplified to

∂φ2(Y )

∂Y

∣∣∣∣
Y≤bτ

= c+(1 + r)

∫ ∞

b

f (D2)

D2
dD2 ·

∫ Y
τ

0
(Y − D1τ)f (D1) dD1

+ c+(1 + r)

∫ b

Y
τ

Y − D2τ

D2
f (D2) dD2. (16)
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Remark 3.1 By differentiating φ2 we find that the second derivative is positive:

∂2φ2(Y )

∂Y 2

∣∣∣∣
Y≤bτ

= c+(1 + r)

[∫ ∞

b

f (D2)

D2
dD2 ·

∫ Y
τ

0
f (D1) dD1

+
∫ b

Y
τ

f (D2)

D2
dD2

]
> 0.

Consequently the expected cost function is strictly convex in [0, bτ ].

In the following lemma we show that expectation φ2 is minimized at an interior
point, in between 0 and bτ .

Lemma 3.1 There exists a point Y ∗ ∈ (0, bτ ), such that ∂φ2
∂Y

(Y ∗) = 0.

Proof By substituting Y = 0 into (16) we obtain

∂φ2

∂Y
(0) = c+(1 + r)

(
−τ

r

1 + r

)
= −c+τr < 0. (17)

On the other hand, substituting Y = bτ into (16) we have

∂φ2

∂Y
(bτ) = c+(1 + r)

∫ ∞

b

f (D2)

D2
dD2 ·

∫ b

0
(b − D1)τf (D1) dD1 > 0. (18)

Thus, according to (17) and (18) (and with respect to the continuity of (16) at [0, bτ ]),
we find that there always exists Y ∗ ∈ (0, bτ ) such that

∂φ2

∂Y
(Y ∗) = 0. (19)

�

From Lemma 3.1 and Remark 3.1 we conclude with the following result.

Theorem 3.1 Under myopic policies (12) and (14) with a constant base-stock, there
always exists a base-stock level 0 < Y ∗ < bτ , which minimizes the expected cost of
the second period.

Corollary 3.1 The value of the base-stock, Y ∗, depends on the ratio r rather than on
the exact values of the unit costs c+ and c−.

3.2 The First Period

Given X0, at the first period, the replenishment policy (Proposition 2.1) is

u∗
1(t) =

⎧
⎨

⎩

0, 0 ≤ t ≤ t1,

b, t1 < t ≤ t2,

0, t2 < t ≤ τ,

(20)
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where t1 = X0

b
and t2 = Y

b
(we must, of course, require that 0 ≤ X0 ≤ Y ≤ bτ ).

Therefore we have

X0 +
∫ t

0
u1 ∗ (s) ds =

⎧
⎪⎨

⎪⎩

X0, if 0 ≤ t ≤ X0

b
,

bt, if X0

b
< t ≤ Y

b
,

Y, if Y
b

< t ≤ τ

and the expected cost is φ1(X
0, Y ) := E1[G(X0, u∗

1)].
In the following theorem we show that the base-stock which minimizes the ex-

pected cost of the first period is bτ (rather than an interior point between 0 and bτ).

Theorem 3.2 We have

min
X0≤Y≤bτ

φ1
(
X0, Y

)= φ1
(
X0, bτ

)
, (21)

that is, the base-stock which minimizes the expected cost of the first period is bτ .

Proof Differentiating (21) with respect to Y , we have

∂φ1(X
0, Y )

∂Y
=
∫ τ

Y
b

dt

[∫ Y
t

0
c+f (D1) dD1 −

∫ ∞
Y
t

c−f (D1) dD1

]
(22)

(note that this derivative does not depend on X0).
Substituting Y = bτ , we obtain

∂φ1(X
0, Y )

∂Y

∣∣∣∣
Y=bτ

= 0. (23)

Differentiating (22) with respect to Y , we also have

∂2φ1(X
0, Y )

∂Y 2
= (

c+ + c−)
∫ τ

Y
b

1

t
f

(
Y

t

)
dt > 0. (24)

Thus, φ1(X
0, Y ) is strictly convex at [X0, bτ ] and Y = bτ is a unique optimal base-

stock level. �

4 Optimal Myopic Policy for N Periods, N ≥ 2

In this section we extend our results by proving that the expected cost at period
n,n ≥ 3, is equal to the expected cost at the second period (Lemmas 4.1, 4.2 and
Theorem 4.1). Consequently, we show that for any given number of periods, N , there
always exists an optimal base-stock, which takes on values in between Y ∗ and bτ

(Theorem 4.2). Furthermore, the sequence of the optimal base-stocks tends to Y ∗, as
the number of periods tends to infinity (Theorem 4.3). As a result, the sequence of the
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corresponding cost-to-go (Bellman) functions converges to a constant limit function
(Theorem 4.4) which is proven with the aid of Lemmas 4.3 and 4.4.

Consider N periods (where N ≥ 2) and let (11) be satisfied. The policy at the
first period is again (20), and the expected cost is equal to φ1. Thus, the base-stock
which minimizes the expected cost of the first period is equal to bτ . We next consider
2 ≤ n ≤ N and show that the expected cost at period n is equal to that at the second
one.

Consider Xn−1 = max{Y − Dn−1τ,0} ≤ Y for 2 ≤ n ≤ N and 0 ≤ Y ≤ bτ . The
policy (12) is then

u∗
n(t) =

⎧
⎨

⎩

0, (n − 1)τ < t ≤ t1(n),

b, t1(n) < t ≤ t2(n),

0, t2(n) < t ≤ nτ,

(25)

where t1(n) = (n− 1)τ + Y−Dn−1τ

b
and t2(n) = (n− 1)τ + Y

b
. This policy is valid for

0 ≤ Dn−1 ≤ Y
τ

. On the other hand, the policy (14), which corresponds to Dn−1 > Y
τ

,
is

u∗
n(t) =

{
b, (n − 1)τ < t ≤ t2(n),

0, t2(n) < t ≤ nτ.
(26)

Therefore we have

Xn−1 +
∫ t

(n−1)τ

u∗
n(s) ds

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y − Dn−1τ, if 0 ≤ Dn−1 ≤ Y
τ

and
(n − 1)τ ≤ t ≤ (n − 1)τ + Y−Dn−1τ

b
,

b(t − (n − 1)τ ), if 0 ≤ Dn−1 ≤ Y
τ

and

(n − 1)τ + Y−Dn−1τ

b
< t ≤ (n − 1)τ + Y

b
,

Y, if 0 ≤ Dn−1 ≤ Y
τ

and (n − 1)τ + Y
b

< t ≤ nτ,

b(t − (n − 1)τ ), if Dn−1 > Y
τ

and (n − 1)τ ≤ t ≤ (n − 1)τ + Y
b
,

Y, if Dn−1 > Y
τ

and (n − 1)τ + Y
b

< t ≤ nτ

and the expectation (with respect to dn−1) at the current period is

φn(Y ) := En−1
[
En

[
G
(
u∗

n,X
n−1(Y )

)]]
. (27)

Lemma 4.1 The expectation (27) does not depend on n. Furthermore, for every n ≥
2, we have

φn(Y ) = φ2(Y ) (28)

for 0 ≤ Y ≤ bτ .

Proof Substituting t ′ = t − (n − 2)τ,Dn = D2 and Dn−1 = D1 into φn, we obtain
(28). �
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For 2 ≤ n ≤ N , we next use two notations:

E1
[
G
(
u∗

n,X
n−1)]= E1

[
E2
[· · · [En−1

[
En

[
G
(
u∗

n,X
n−1)]]] · · · ]

]
, (29)

ϕN(Y ) =
N∑

n=2

E1
[
G
(
u∗

n,X
n−1)]. (30)

Lemma 4.2 Assume (11) holds, then the expectation (29) satisfies

E1
[
G
(
u∗

n,X
n−1)]= φ2(Y ) (31)

for 2 ≤ n ≤ N .

Proof If n ≥ 3, then the expectation (29) does not depend on the previous demands
D1, . . . ,Dn−2, and therefore E1[G(u∗

n,X
n−1)] = En−1[En[G(u∗

n,X
n−1)]] = φn(Y ).

Thus, with respect to (28), we obtain (31). �

Based on (30) and (31), we conclude with the following theorem.

Theorem 4.1 For every N ≥ 2,

ϕN(Y ) = (N − 1) · E1
[
E2
[
G
(
u∗

2,X
1)]]= (N − 1)φ2(Y ). (32)

Therefore the base-stock which minimizes ϕN is Y ∗ (note that ϕN(Y ) does not
refer to the first period), and function ϕN(Y ) is convex at [0, bτ ].

Consequently, we relax assumption (11) as follows:

0 ≤ X0 ≤ Y ∗, (33)

and study the corresponding Bellman (cost-to-go) function.

4.1 The Cost-to-Go Function: Finite Number of Periods

From (6) we obtain that

B
(N)
1

(
X0)= min

u1

{
J1
(
u1,X0)}. (34)

We next extend (30) for N = 1 as well, implying that ϕ1(Y ) = 0 for X0 ≤ Y ≤ Y ∗.
Consequently, if there is a stationary base-stock, Y , then (34) leads to

B
(N)
1

(
X0)= 1

Nτ
min
Y≥X0

{
φ1
(
X0, Y

)+ ϕN(Y )
}

= 1

Nτ
min
Y≥X0

{
φ1
(
X0, Y

)+ (N − 1)φ2(Y )
}
. (35)

If N = 1, then B
(1)
1 (X0) = 1

τ
minY≥X0{φ1(X

0, Y )} = 1
τ
φ1(X

0, bτ ).



J Optim Theory Appl (2011) 151:191–209 201

If N ≥ 2, then, on the one hand, Y = bτ minimizes φ1(X
0, Y ), and on the other

hand, Y = Y ∗ minimizes ϕN(Y ). We now find a common base-stock which minimizes
the sum φ1(X

0, Y ) + ϕN(Y ).

Theorem 4.2 Let N ≥ 2. There exists Y ∗ < YN < bτ such that

B
(N)
1 (X0) = 1

Nτ

{
φ1
(
X0, YN

)+ ϕN(YN)
}
. (36)

Proof Denote

J̃ (N)
(
X0, Y

)= 1

Nτ

[
φ1(X

0, Y ) + ϕN(Y )
]= 1

Nτ
φ1
(
X0, Y

)+ N − 1

Nτ
φ2(Y ).

According to (16) and (22), J̃ (N) is continually differentiable with respect to Y at
[Y ∗, bτ ] (for a given 0 ≤ X0 ≤ Y ∗). Consequently,

∂J̃ (N)(X0, Y )

∂Y

∣∣
∣∣
Y=Y ∗ = 1

Nτ

∂φ1(X
0, Y )

∂Y

∣∣
∣∣
Y=Y ∗

︸ ︷︷ ︸
<0

+N − 1

Nτ

∂φ2(Y )

∂Y

∣∣
∣∣
Y=Y ∗

︸ ︷︷ ︸
=0

< 0

and

∂J̃ (N)(X0, Y )

∂Y

∣∣
∣∣
Y=bτ

= 1

Nτ

∂φ1(X
0, Y )

∂Y

∣∣
∣∣
Y=bτ︸ ︷︷ ︸

=0

+N − 1

Nτ

∂φ2(Y )

∂Y

∣∣
∣∣
Y=bτ︸ ︷︷ ︸

>0

> 0.

Thus, there exists Y ∗ < YN < bτ , such that ∂J̃ (N)(X0,Y )
∂Y

|Y=YN
= 0. Since J̃ (N) is con-

vex with respect to Y , then J̃ (N)(X0, YN) = minY≥X0 J̃ (N)(X0, Y ), namely, YN sat-
isfies (36). �

4.2 The Cost-to-Go Function: Infinite Number of Periods

Let there be an infinite number of periods. More precisely, we study an optimal so-
lution as the number of periods (N ) tends to infinity, and thus consider the Limit
Bellman Function

B1
(
X0)= lim

N→∞B
(N)
1

(
X0). (37)

We first assume that this limit exists and then show that this assumption holds.
With the stationary base-stock approach, the recursive dynamic programming

equation (8) straightforwardly transforms into

B1
(
X0)= lim

N→∞
1

Nτ

{
min
Y≥X0

{
φ2(Y )

}+ (N − 1)τE
[
B

(N−1)
1

(
X0)]

}

= lim
N→∞E

[
B

(N−1)
1

(
X0)], (38)
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and by Lebesgue’s dominated convergence theorem, we obtain

B1
(
X0)= E

[
B1
(
X0)]. (39)

When the number of periods increases, the component φ1(X
0, Y ) in J̃ (N)(X0, Y )

becomes less and less significant. Thus, it is expected that the optimal base-stocks
(YN)∞N=1 will tend to Y ∗. This is formalized as follows.

Theorem 4.3 If the number of periods tends to infinity, then

lim
N→∞YN = Y ∗. (40)

Proof Let ε > 0 and consider the base-stock Y = Y ∗ + ε. We have ∂φ2(Y )
∂Y

|Y=Y ∗+ε >

0, and therefore there exists N0 such that ∂J̃ (N)(X0,Y )
∂Y

|Y=Y ∗+ε > 0 for every N ≥
N0 (since limN→∞ ∂J̃ (N)(X0,Y )

∂Y
= 1

τ
∂φ2(Y )

∂Y
). Now let Y > Y ∗ + ε. If N ≥ N0 then

∂J̃ (N)(X0,Y )
∂Y

|Y ≥ ∂J̃ (N)(X0,Y )
∂Y

|Y ∗+ε > 0. However, since ∂J̃ (N)(X0,Y )
∂Y

|Y=YN
= 0, we

proved that YN < Y ∗ + ε. On the other hand, we have YN > Y ∗, and therefore
|YN − Y ∗| < ε for every N ≥ N0. �

Now we can prove that if (33) is satisfied, then the sequence of the Bellman func-
tions converges to a constant limit function, that is, the convergence assumption in
(37) always holds.

Lemma 4.3 Assume that 0 ≤ X0 ≤ Y ∗. The sequence (BN(X0))∞N=1 converges at
[0, Y ∗]. Furthermore, the limit function is constant and does not depend on the initial
condition X0.

Proof For every N , the Bellman function satisfies

B
(N)
1

(
X0)= 1

Nτ

{
φ1
(
X0, YN

)+ (N − 1)φ2(YN)
}
.

By the continuity of φ1(X
0, YN) and φ2(YN), and with respect to Theorem 4.3, we

have

lim
N→∞φ1(X

0, YN) = φ1(X
0, Y ∗) and lim

N→∞φ2(YN) = φ2(Y
∗).

Therefore we obtain
⎧
⎪⎨

⎪⎩

limN→∞ B
(N)
1

(
X0
) = limN→∞ 1

Nτ

{
φ1
(
X0, YN

)+ (N − 1)φ2(YN)
}

= limN→∞
{ 1

Nτ
φ1
(
X0, YN

)+ N−1
Nτ

φ2(YN)
}

= limN→∞ 1
τ
φ2(YN) = 1

τ
φ2(Y

∗).

Hence, the limit Bellman function does not depend on X0, and it is determined as

B1 = 1

τ
φ2(Y

∗). (41)
�
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Fig. 1 Optimal base-stock YN

as N increases for
dn ∼ U [0,50], τ = 10, r = 1
and X0 = 100

Note that the constant limit Bellman function (41) satisfies the dynamic program-
ming equation (39), that is,

B1 = E[B1]. (42)

Example 4.1 Assume that the distribution of the demand is uniform at [0,50] and
that τ = 10,X0 = 100, r = 1. Then we have f (D) = 1

50 and F(x) = x
50 for D,x ∈

[0,50]. Therefore b = 25 and (16) becomes

∂φ2(Y )

∂Y

∣∣∣∣
Y≤250

= 2c+
∫ 50

25

1

50D2
dD2 ·

∫ Y
10

0

(Y − 10D1)

50
dD1

+ 2c+
∫ 25

Y
10

Y − 10D2

50D2
dD2.

This expression vanishes when Y = 161.277 (that is, Y ∗ = 161.277).

It can be readily seen from Figs. 1 and 2 that the stationary base-stock levels
{YN } become very close to Y ∗ after only a few periods. The same occurs with the
corresponding average costs.

So far we have considered only the cases of X0 ≤ Y ∗. Now we extend Lemma 4.3
for every X0 ≥ 0. If X0 > Y ∗, then we wait until the inventory is lower than Y ∗.
Next we replenish one period according to the policy (20) (where X0 is replaced with
the initial inventory of the current period) and all the other periods according to the
policies (25) and (26).

Remark 4.1 Assume there exists n0 ≥ 1 such that Xn0 ≤ Y ∗. For every n ≥ n0 we
have Xn ≤ Y ∗, and thus we can use the policies (25) and (26) at those periods. Indeed,
if Xn0 ≤ Y ∗ then Xn0+1 = max{Y ∗ − Dn0+1τ,0} ≤ Y ∗.
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Fig. 2 The expected average
costs per period for
dn ∼ U [0,50], τ = 10, r = 1
and X0 = 100

If the condition in the previous remark is satisfied, then we have the following
convergence result.

Lemma 4.4 If the condition of Remark 4.1 is satisfied, then for any X0 ≥ 0, the
sequence (BN(X0))∞N=1 converges to the constant limit function (41).

Proof Let n0 be the minimal n which satisfies the condition of Remark 4.1 and let
N ≥ n0 + 2; then

⎧
⎪⎨

⎪⎩

ϕN

(
X0, Y

) =∑N
n=2 E1

[
G
(
u∗

n,X
n−1

)]

=∑n0
n=2 E1

[
G
(
0,Xn−1

)]+ E1
[
G
(
u∗

n0+1,X
n0
)]

+∑N
n=n0+2 E1

[
G
(
u∗

n,X
n−1

)]

where G(0,Xn−1) implies that un(t) = 0, i.e., nothing is replenished. Here the ex-
pectation E1[G(u∗

n0+1,X
n0)] is equal to φ1(X

n0 , Y ) with respect to (33), and the

expectations {E1[G(u∗
n,X

n−1)]|n0 + 2 ≤ n ≤ N} are equal to φ2(Y ) (in particular,
they do not depend on the previous demands D1, . . . ,Dn0 ). Hence,

ϕN

(
X0, Y

)=
N∑

n=2

E1
[
G
(
u∗

n,X
n−1)]

=
n0∑

n=2

E1
[
G
(
0,Xn−1)]+ φ1

(
Xn0, Y

)+ (N − n0 − 1)φ2(Y )
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and the Bellman function (for N periods) is
⎧
⎪⎪⎨

⎪⎪⎩

B
(N)
1

(
X0
) = 1

Nτ
minY≥0

{
E1
[
G
(
0,X0

)]+ ϕN(Y )
}

= 1
Nτ

minY≥0
{∑n0

n=1 E1
[
G
(
0,Xn−1

)]+ φ1
(
Xn0, Y

)

+(N − n0 − 1)φ2(Y )
}
.

The sum
∑n0

n=1 E1[G(0,X0)] does not depend on the base-stock Y and the sum
φ1(X

n0 , Y ) + (N − n0 − 1)φ2(Y ) is minimized for Y = YN−n0 (see Theorem 4.2).
Furthermore, according to Theorem 4.3, limN→∞ YN−n0 = Y ∗. Therefore we obtain

B
(N)
1

(
X0)= 1

Nτ

{
n0∑

n=1

E1
[
G
(
0,Xn−1)]+ φ1

(
Xn0, YN−n0

)
}

+ N − n0 − 1

Nτ
φ2(YN−n0),

and the limit Bellman function is

lim
N→∞B

(N)
1

(
X0)= lim

N→∞
1

τ
φ2(YN−n0) = 1

τ
φ2(Y

∗) = B1.

�

It can be shown that if the variance of the demand is finite, then the probability of
existence of n0 which satisfies the condition of Remark 4.1, is equal to 1. Thus we
obtain the following theorem.

Theorem 4.4 Assume that the demand has finite variance. For every initial condition
X0 ≥ 0, the sequence of Bellman functions (B

(N)
1 (X0))∞N=1 converges to a constant

value, B1 = φ2(Y
∗), with probability one, as the number of periods tends to infinity.

Furthermore, the optimal base-stock tends to Y ∗, as the number of periods tends to
infinity.

5 The Optimal Solution for an Infinite Number of Periods

In the previous section we proved that the dynamic myopic policy (20), (25) and
(26) with Y = Y ∗ is optimal for an infinite number of periods when the base-stock Y

must be stationary. In this section we prove that the myopic policy is optimal for an
infinite number of periods over all possible policies (Theorem 5.2). The proof utilizes
properties of the discounted cost functions and a relationship between the discounted
cost and average cost. Therefore, we next introduce a new objective function, which
is the expected discounted cost and the corresponding Bellman function:

B(N,α)
(
X0)= min

un

N∑

n=1

En

[
G(α)

(
un,X

n−1)]=
N∑

n=1

En

[
G(α)

(
u∗

n,X
n−1)], (43)
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where G(α) = ∫ nτ

(n−1)τ
e−αtg(X(t)) dt, α > 0 and u∗

n is an optimal policy.
Define the limit function

B(α)
(
X0)= lim

N→∞B(N,α)
(
X0). (44)

To obtain our main result (Theorem 5.2), we prove that the sequence of the expected
average costs (B

(N)
1 (X0)) converges (Theorem 5.1). Our proof is based on the fact

that the limit (44) exists for every α > 0 (Lemma 5.1); a function η(α) = αB(α) is
monotone (Lemma 5.2); and for any given X0 ≥ 0, the product αB(α)(X0) tends to a
finite limit as α tends to 0 (Lemma 5.3).

Lemma 5.1 Function (47) is well defined for every α > 0 and X0 ≥ 0.

Proof Fix α > 0 and X0 ≥ 0. We have to prove that the sequence
∑N

n=1(En[G(α)(u∗
n,

Xn−1)]) converges. Since this sequence is increasing, it is sufficient to show that it
is bounded above. Consider the case where the replenishment policy is un(t) = 0
for every n and every t . There is a probability of one that there exists some n0 such
that Xn0−1 = 0, and therefore Xn = 0 for every n ≥ n0. In such a case, we have, for
N ≥ n0,

N∑

n=n0

En

[
G(α)(0,0)

]= c−(eατ − ατ − 1)

α2
E[d]

N∑

n=n0

e−αnτ

<
c−(eατ − ατ − 1)

α2
E[d] e−αn0τ

1 − e−ατ
< ∞.

Furthermore, for every n we have

0 ≤ En

[
G(α)

(
u∗

n,X
n−1)]≤ En

[
G(α)

(
0,Xn−1)].

Thus we find that the sequence

N∑

n=1

En

[
G(α)

(
u∗

n,X
n−1)]= B(N,α)

(
X0)

is bounded above as well , that is, limN→∞ B(N,α)(X0) exists. �

Note that for every X0 ≥ 0, limα→0+ B(α)(X0) = ∞. In what follows we prove
that the limit

lim
α→0+ αB(α)

(
X0) (45)

exists. The existence is important since the average costs converge to this limit
(divided by τ ), as we show below. Specifically, fix X0 and consider the sequence
ηN(α) = αB(N,α). According to Lemma 5.1, this sequence converges to a function,
η(α) = αB(α), for every α > 0. In the following lemma we prove that η(α) is non-
decreasing in (0,1].
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Lemma 5.2 The limit function η(α) is non-decreasing in (0,1].

Proof Let N ≥ 1 and α ∈ (0,1]. Then for every 1 ≤ n ≤ N the function ηN(·) is
differentiable in α, and

η′
N(α) =

N∑

n=1

(
1 − α2)En

[∫ nτ

(n−1)τ

e−αtg
(
X∗(t)

)
dt

]
≥ 0. (46)

From (46) we conclude that functions ηN(α) are non-decreasing in (0,1], and there-
fore the limit function η(α) is non-decreasing there as well. �

Now we are ready to complete the proof of existence of the limit (45).

Lemma 5.3 Let X0 ≥ 0. The function η(α) = αB(α)(X0) converges to a finite limit,
as α tends to zero.

Proof In accordance with the previous lemma, the function η(α) is non-decreasing in
(0,1]. In addition, η(α) is bounded below by 0. Thus, the (finite) limit (45) exists. �

As mentioned above, the importance of the limit (45) is due to the fact that the
expected average costs (multiplied by τ ) converge to this limit, as the number of
periods tends to infinity. This result is formulated in the following theorem.

Theorem 5.1 The sequence of the optimal average costs converges. Furthermore, for
every X0 ≥ 0, we have

lim
N→∞B

(N)
1

(
X0)= lim

α→0+
1

τ
αB(α)

(
X0) (47)

(function B
(N)
1 (X0) is defined by (34)).

Proof Let X0 ≥ 0, and consider the superior limit of the sequence of the expected
average costs:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

lim supN→∞ B
(N)
1 (X0) = lim supN→∞ 1

Nτ

∑N
n=1 En[

∫ nτ

(n−1)τ
g(X∗(t)) dt]

= lim supN→∞ limα→0+
∑N

n=1 En[∫ nτ
(n−1)τ e−αt g(X∗(t)) dt]
τ
∫ N

0 e−αt dt
︸ ︷︷ ︸

→N

= limα→0+ lim supN→∞
[∑N

n=1 En

∫ nτ
(n−1)τ e−αt g(X(t)) dt]

τ
∫ N

0 e−αt dt

= limα→0+
limN→∞

∑N
n=1 En[∫ nτ

(n−1)τ e−αt g(X(t)) dt]
τ limN→∞

∫ N
0 e−αt dt

︸ ︷︷ ︸
= 1

α

= limα→0+ 1
τ
αB(α)(X0)

(48)

(see [20] for a formal justification of the interchange in the order of the two limiting
operations).
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Similarly, we can calculate the inferior limit:

lim inf
N→∞ B

(N)
1

(
X0)= lim

α→0+
1

τ
αB(α)

(
X0). (49)

The equality (47) is then immediately obtained from (48) and (49). �

From the convergence of the sequence of the Bellman functions, we readily con-
clude that the optimal policy for an infinite number of periods is the myopic policy
with a stationary base-stock. On the one hand, the limit Bellman function (of the
average cost) exists and is well defined. On the other hand, we find that under the
myopic policy, the limit Bellman function (41) satisfies the dynamic programming
equation (39). Moreover, the Bellman function is convex. Thus, the optimal base-
stock (determined by Lemma 3.1) is Y ∗. This result is formulated in the following
theorem.

Theorem 5.2 Assuming that the random demands are stationary, their density func-
tion is positive in (infd, supd) and their variance is finite. If the number of periods
is infinite, then the myopic policy defined by (20), (25) and (26) with the stationary
base-stock Y ∗ is optimal.

6 Conclusions

In this study we addressed a stochastic, optimal control problem characterized by
continuous inventory replenishment, when inventory information is transmitted peri-
odically. The problem, termed vendor-managed inventory, is due to a relatively new
approach to the allocation of responsibility in the replenishment process. Assuming
that the random demand is stationary, we consider a class of myopic policies with
stationary base-stocks at the end of each update period and at most two switching
points. The replenishment rate can switch at these points in between zero and a pre-
determined level, depending on the demand distribution and the ratio between the
unit surplus and backlog costs. We prove that if these dynamic policies are applied,
there is a unique, optimal base-stock level which depends on the total number of pe-
riods. This optimal level converges to a finite limit as the number of periods tends
to infinity. We derive a closed-form expression for the limit base-stock level, which
depends on the ratio between the inventory backlog and surplus costs.

Based on properties of the discounted cost functions and a study of the relation-
ship between the discounted cost and average cost, we prove that the corresponding
cost-to-go functions converge to a constant limit cost-to-go function, which does not
depend on the initial condition. As a result, if the variance of the demand is finite, the
myopic policy which we determined is the optimal policy over all possible dynamic
policies and the optimal base-stock, is the limit base-stock level when the number of
periods tends to infinity.

Following [18], we consider a simple setting with zero lead-time and negligible
fixed procurement costs. This situation is typical for pharmaceutical supply chains
that adopt continuous replenishment programs by allowing deliveries as needed at
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any point of time. Moreover, the competition between healthcare providers in gen-
eral and pharmacies specifically has nowadays resulted in increased frequency of
deliveries, which may even occur a few times a day. These deliveries are normally
carried out with small (low fixed-cost) vehicles. We consider a more general and
thereby challenging formulation that would account for fixed costs and lead times as
the subject of our future research.
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