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Abstract

The newsboy problem is a well-known operations research model. Its various extensions have been applied to
managing capacity and evaluating advanced orders in manufacturing, retail and service industries.

This paper focuses on a dynamic, continuous-time generalization of the single-period newsboy problem. The
problem is characterized by a number of the newsboys whose operations are organized and controlled in sequential
stages. The objective is to minimize shortage and surplus costs occurring at the end of the period as in the classical
newsboy problem, as well as intermediate surplus costs incurring at each time point along the period. We prove that
this continuous-time problem can be reduced to a number of discrete-time problems. On this basis, a polynomial-time
combinatorial algorithm is derived to find globally optimal solution when the system satisfies a certain capacity
condition.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The classical, single-period newsboy problem is to find products order quantity that either maximizes
the expected profit or minimizes the expected costs of overestimating and underestimating probabilistic
demand. The newsboy problem has attracted considerable attention since the pioneering papers of
Arrow et al. (1951), and Morse and Kimbal (1951). An extensive literature review on various extensions
of the classical newsboy problem and related multi-stage, inventory control models can be found, for
example, in Khouja (1999) and Silver et al. (1998). Among numerous extensions to this problem sug-
gested so far one can find different objectives (see for example, Chung, 1990; Eeckhoudt et al., 1995),
different supplier pricing policies (Kabak and Weinberg, 1972; Lin and Kroll, 1997), different news-
vendor pricing policies and discount structures (Khouja, 1995; Lau and Lau, 1988), random yield
of defective units (Henig and Gerchak, 1990) or of production capacity (Ciarolo et al., 1994),
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multi-products (Lau and Lau, 1996; Chang and Lin, 1991) and a number of subperiods to prepare for
the selling season (Hausman and Peterson, 1972; Matsuo, 1990; Bitran et al., 1986). The idea behind the
last type of extension is that there may be many periods to produce the items, which will be sold in a
single season. Such dynamic models thus stress the importance of timing in producing or purchasing the
items. These models commonly utilized special product (or product family) and demand parameters to
optimize operations under limited production capacity over each subperiod (Bitran et al., 1986; Haus-
man and Peterson, 1972). The former work, which dealt with several families of style goods, resulted in
a stochastic mixed-integer programming problem, the latter formulated the single and multi-product
cases as dynamic programming problems. Both studies allow for forecast updates, but suggest heuristic
methods to provide an approximate solution. Matsuo (1990) observed that a limitation of these works is
that they include discrete production subperiods to assign production and suggested a continuous-time
heuristic approach for improving the objective function value when approximating the optimal solution
to the problem.

In this paper, we consider a multi-stage, continuous-time extension to the classical single-period newsboy
problem. Products flow from one stage to the next. We assume we do not know the demand during the
planning horizon, but we do know the cumulative demand at the end of the planing horizon. (This is the
same assumption made in classical newsboy problems.) Forecast updates considered in the aforementioned
newsboy extensions by Bitran et al. (1986) and Matsuo (1990) are not available along the horizon. The
objective is to adjust the production rates during the planning horizon in order to minimize total costs. In
this paper the total costs include shortage or surplus costs occurring at the end of the planning horizon for
the last stage (as considered in the classical newsboy problem), as well as the surplus costs at the remaining
stages during the planning horizon. Note, that in contrast to the classical model, the dynamic continuous-
time approach enables us to make a decision at each point of time. Thus it takes into account all associated
costs during the planning horizon.

A typical example of the dynamic system described above is found in a commercial yogurt production
which is a short run, continuous manufacturing process. The process is composed of the following con-
trollable stages: pretreatment of milk (standardization, fortification, lactose hydrolysis), homogenization,
heat treatment, cooling to incubation temperature, inoculation with starter, fermentation, cooling, post-
fermentation treatment (flavoring, fruit addition, pasteurization), refrigeration/freezing, and packaging.
The process suffers from high demand variability as well as extremely tight flow-time performance re-
quirements. Therefore, scheduling and controlling the key tasks for the incoming demand forecasts is of
great importance to avoid overproduction, which leads to product spoilage, and underproduction, which
results in the loss of sales.

We use the maximum principle to study optimal behavior of this dynamic system. As a result, the
continuous-time, multi-stage newsboy problem is reduced to a number of discrete problems of sorting
newsboys, determining optimal order quantity, timing and allocating operation rates over the planning
horizon. The advantage of this approach is that it enables us to develop a polynomial time, combina-
torial algorithm which provides globally optimal solution to the problem if the system has sufficient
capacity.

Note, that the model can be further generalized to encompass multiple production lines utilizing com-
mon intermediate products and forecasts for different end items as well as forecast updates. Specifically, as
the model is in continuous time, any forecast update points can be represented in the objective function
and, therefore, the approach suggested in the paper can be applied. An optimal solution (which we consider
an important result of this paper) is unlikely to be possible to find in such a case. However, plausible
heuristics might be developed, which is a direction for our future research.

Since the multi-stage, continuous-time newsboy problem can be straightforwardly applied to production
flow control of serial, one-product-type manufacturing systems, we further introduce the problem in the
context of a flow shop.
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2. Problem formulation

Consider a tandem manufacturing system containing / machines depicted in Fig. 1. It produces a single
product type to satisfy a cumulative demand D for the product type by the end of a planning horizon, T.
This system can be described by the following differential equations:

)'(i(t):ui(t)_ui-%—l(t)v )(1(0):03 i:1,2,...,1—1;

| | (1)
X(0) = ult), X(0)=0, i=1,

where X;(¢) is the surplus level at the buffer located after the ith machine (denoted m;); u;(¢) is the production
rate of m;. In this paper, u,;(¢) is the control variable the value of which can be instantly set within certain
bounds:

0<u()<U;, i=12,...,1, (2)

with U; being the maximal production rate of machine i. The product demand D is a random variable
representing yield amount of the product type and characterized by probability density ¢(D) and cumu-
lative distribution ®(a) = [; ¢,(D)dD functions respectively. For each planning horizon T, there will be a
single realization of D which is known only by time 7. Therefore, the decision has to be made under these
uncertain conditions before the production starts.

Eq. (1) present the flow of products through a buffer placed between two consecutive machines. If the
buffer is intermediate, this flow is determined at each point of time by the difference between the current
production rates of the two consecutive machines. If the buffer is after the last machine and is intended for
the finished products, then the flow is determined by the production rate of the last machine. The products
are accumulated in this buffer in order to be delivered to the customers at the end of the production ho-
rizon. The difference between the cumulative production and the cumulative demand, X;(7) — D, is the
surplus level of the last machine m;. If the cumulative demand exceeds the cumulative production of my, i.e.,
the surplus is negative, a penalty will have to be paid for the lost sales. On the other hand, if X;(7) — D > 0
overproduction cost is incurred at the end of the planning horizon. Furthermore, inventory costs are in-

curred when buffer levels of the machines are positive, X;(¢) > 0, i = 1,2,...,1. Negative buffer levels are
prohibited:
X)) =0 i=12,....,]1—1. (3)

Note, that (1) implies that X;(¢) > 0 always holds.
The objective is to find such controls u;(¢) that satisfy constraints (1)—(3) while minimizing the following
expected cost over the planning horizon 7:

u, (1) u, (1)
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Fig. 1. Multi-stage tandem production system.
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J=F

/OT Z Ci(X;(t))dt + P(X;(T) — D)| — min. (4)

Linear and piece-wise linear cost functions are used for the inventory and surplus/backlog costs respec-
tively,

Gi(Xi(1)) = ciXi(0), ()

P(Z)=pZ" +p Z, (6)
where Z* = max{0,Z} and Z~ = max{0, —Z}.

3. Equivalent deterministic formulation

Let us substitute (5) and (6) into the objective (4). Then, given probability density ¢(D) of the demand,
we find:

J = /T ch—Xi(t)dt—l—/ocermax{O,X}(T) —D}q)(D)dD—k/ocp’ max{0,D — X;(T)}o(D)dD

T Xi(T) 00
— [ Sex@ds [ 50 - D)od)ap+ [ (D= x(T)e(D)dD, )
0 7 0 X;(T)
The new objective (7) is subject to constraints (1)—(3) which together constitute a deterministic problem
equivalent to the stochastic problem (1)—(6).

Lemma 1. Problem (1)—(3) and (7) is unimodal.

Proof. Since constraints (1)—(3) are linear, cost functions C;(X;(¢)) are linear and the sum of convex
functions is a convex function, the proof is straightforwardly obtained by verifying whether the second term
of objective function (7)

oo

X1 (T)
R:ﬁ pmmm—mmmw+£ p (D — X,(T))p(D)dD

1(T)
is convex with respect to X;(7):

FR o 02X(T))
(p"+p7) X, (T)

= >0. O
X (T)

4. Dual formulation and optimality conditions
To study the equivalent deterministic problem we formulate a dual problem with costate variables y,(¢)
satisfying the following dual equations:
dy, (1) = e;dt —d (1), i=1,2,...,01—1 and ,(1) =¢ (8)
with transversality (boundary) constraints:
Y(T+0)=0, i=1,2,....,01—1;
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0 [ J" pt(X(T) = D)p(D)AD + [y p~ (D = Xi(T)) (D) dD
lp/(T) = OXI(T)
Xi(T) 00
= / p o(D) dD+/ p @(D)dD,
0 X(T)
that is
Y, (T) = —p  @(Xi(T)) +p (1 — 2(X(T))). 9)

Left-continuous functions of bounded variation, u,(¢), are due to the state constraint (3) and present
possible jumps of the corresponding costate variables when X;(¢#) = 0. These jumps satisfy the non-
negativity

du (1) = 0 (10)

and complementary slackness condition

/OTXi(t) dy(t) = 0. (11)

The Hamiltonian is the objective for the dual problem, which is maximized by the optimal controls ac-
cording to the maximum principle (Maimon et al., 1998):

H == aXi(t) + > ,(0)(w(t) = wisr (1)) + ¥, (1)uy () — max. (12)
i 2l
By rearranging only control dependent terms of the Hamiltonian we obtain:
H(t) =Y wi(O) (1) = ,1(6) + w (0, (1)
i>1

Since this term is linear in u;(¢), it can be easily verified that the optimal production rate that maximizes
H(t) is

U, if y,(t) —y,_(t) >0, Vi>1and y,(t) >0, i =1 (production regime-PR);
u(t)=qwel0,U], ify,(t)—y,(t)=0, Vi>1and ,(r) =0, i=1 (singular regime-SR);
0, if Y,(t) =y, (t) <0, Vi>1and y,(¢r) <0, i =1 (idle regime-IR).

(13)
Thus under the optimal control the ith machine m; can either be idle (denoted m; € IR), working with its
maximal production rate (m; € PR), or entering the singular regime (m; € SR). Since the primal problem is
unimodal (see Lemma 1), the maximum principle provides not only the necessarily, but also the sufficient
conditions of optimality. Therefore, all triplets (u;(¢), X:(¢),,(¢)) that satisfy the primal (1)—(3), the dual
(8)—(13) will minimize the objective function (7).
We next study the singular regime as its underlying controls are not uniquely determined in optimality
conditions (13). To ensure the uniqueness of the solutions over this regime, we need the following as-
sumption:

Assumption 1. ¢; # ¢;yy for all 1 <i < /.

Lemma 2. If m; € SR in a time interval © then X;_(¢t) = 0 and/or X;(t) = 0.
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Proof. By definition, in SR ,(t) = y,_,(¢), t € 7. Differentiating this equality we have:
dy,(t) =dy,_(#), i>1, (14)

dy,(t)=0, i=1. (15)
By substituting the corresponding costate equations, we then find:
¢;dt —du;(¢t) = ¢y dt —dp,_ (1), i>1 and c¢dt—dp(r) =0, i=1.

By taking into account (10) and (11), we conclude that the last equalities can be satisfied if and only if
Xii(t)=0and or X;(#) =0fori#1. O

From the system equation (1) we observe:

Fact 1. If in a time interval v, X;(t) =0, 1 <i <1 —1 then u;(t) = u;1(t), and if i =1, u;(t) = 0.

5. Optimal solution

To study extremal behavior of the system, we need to distinguish between two types of machines and
buffers.

Definition 1. Machine 7/, is a restricting machine if either // =7 or U/ < U, forall I =i >, i # 1.

Notice, according to the definition, the restricting machine that is closest to the first machine is the
bottleneck machine, which has the smallest maximum production rate.

Definition 2. Buffer placed after machine 7, is a restricting buffer if either / =7 or ¢y < ¢;, foralll =i > 7,

s

Intuitively, one may guess that the most important question is to derive optimal behavior of the re-
stricting machines while behavior of the non-restricting machines followed by non-restrictive buffers is
completely determined by the restricting machines. According to Definitions 1 and 2, inventory costs and
machine maximum production rates determine whether the corresponding machines and/or buffers are
restricting. These notions generalize the well-known notion of the bottleneck and provide an important
insight on ranking machines in terms of their optimal control. Based on this insight, in what follows, we
assume that the production system consists only of restricting machines. Once optimal solution for such a
system is found, we then generalize it for all types of machines. Moreover, in order for the problem to be
tractable we need the following assumption.

Assumption 2. If machine 7, is a non-restricting machine, then its buffer is also non-restricting.

We now use a constructive approach to solve the problem. That is, we first propose a solution, and then
we show this solution is indeed optimal. To formalize the solution we denote by J the total number of
restricting buffers and by R(j), j = 1,2,...,J their indexes.

The optimal control policy we are proposing for each subset S; = {mg(;, mg(-1, ..., mr(j-1)+1}, R(0) = 0,
j=1,2,...,J of the restricting machines is the following.

e Use the IR-PR (no production and then production at the maximum rate of ng(;_1)41) production se-
quence for mg(;_1)+1 and IR-SR (no production and then singular production at the maximum rate of
mp(;-1)+1 With the same switching time ¢; for each m;, i = R(j),R(j) — 1,...,R(j— 1)+ 2.
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This policy is more rigorously defined in the following.

Policy A. Consider a system with I restricting machines, J restricting buffers and J switching points,
0<t; <t,< --- <ty <T. The behavior we are proposing for each subset of machines S; = {mpg(;y, mg(j-1, - - -,
mRU,l)H}, R(O) = 0, ] = 1,2, “en ,J is

D) wi(t) =0 for 0<t < t;, u;(t) = Upgjoyy1 for t; <t<T,i=R(j),R(j)—1,...,R(j— 1)+ L.
() X;(1) =0 for 0<t<T, i=R(j)—1,...,RG—1)+1; Xp(t) =0 for 0<t<t;, Xrpy(t) >0 for
L <t<T, XR(/)(T) =0 for R(]) 751
(i) ,(1) = Wiy (1), for 0t Y(0) = cugs for 4<E<T, Wolt) = ()
K= 1) 61,52 1500 = g (0 (0) = 0. 0 =
L] 7J: *

, i=R(),RG—1),...,
vy Jor 0<t<T, (1) =0, i = R(1),R(1) —

We now show the proposed behavior for restricting machines satisfies the dual system (8)—(11) and the
maximum principle based optimality conditions (13).

Lemma 3. If all machines are restricting, then Policy A provides the optimal solution.

Proof. First note that according to Policy A, X;(T) = 0fori = 1,2,...,I — 1, which with respect to (10) and
(11) implies that the transversality constraints ,(7 + 0) = 0 are satisfied with instant jumps dy; (7).

Consider the first subset of machines, S; = {mg), mg()-1, - .., m }. According to (i) of Policy A u;(t) =0
for0<t < t,u;(t) = U forty, <t<T,i=R(1),R(1) —1,..., 1. This control is feasible since the production
system consists of only restricting machines, that is U; < U..

Next, according to (ii) of Policy A, X;(f) =0for 0<¢<T,i=R(1)—1,...,1; Xgy(¢#) =0 for 0<r <1,
Xpy(t) > 0 for t; <t < T, Xgy(T) = 0, which evidently satisfies the state equations (1) if ug(1)+(f) = 0 for
0<1t < ta, ug(y41(t) = Ury4 for 6, <t < T, as stated in Policy A(ii) and

HU; 22‘2UR(1)+1. (16)

Consider now solution for the costate variables. According to Policy A(iii), ;(¢) = Yz (1), ¥;(t) =0
and (1) = cpyy for 0<t< T, i=R(1),R(1)—1,...,1, j =1, which meets costate equations (8) for the
determined behavior of the state variables. This also implies that y,(z) < 0 (idle regime, u;(¢) = 0 according
to (13)) for 0<t < ¢#;, and y,(¢) > 0 (full production u,(¢) = U, according to (13)) for #, <¢<T, i=1.
Furthermore, condition v,(f) = Yz, (¢) satisfies the singular regime from (13), Lemma 2 conditions and
Fact 1 for i =R(1),R(1) — 1,...,1. Thus (1), (8)—(11) are satisfied and (12) is maximized.

Similarly, by considering subsequent subsets of machines, S; = {mg(;, mp(-1, - - -, Mr-1y41}, J = 2,...,J,
one can verify that the proposed solution satisfies the state and costate equations and the optimality
conditions (13) if the switching times are set as

LUrG-1+1 = tinUrgy1,  J <J. (17)

The only difference is that the last machine / = R(J) does not have a predecessor and its switching point,
t; = X;(T)/Ugy—1)41 is determined so that X;(T') satisfies the corresponding transversality condition (9). [

Based on Policy A we can solve the two-point boundary value problem (1), (2), (8)—(11) to find the
switching time points.
We first note that Policy A(ii) condition X;(7) =0 for i = 1,2,...,7 — 1 along with (17) implies:

X;(T)

t=T—
! Ur(j-1)+1

for j=1,2,...,J. (18)
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Then, by integrating the costate equations (8) with boundary conditions from Policy A(iii), we find:
U (T) = > ergn(t;—t1) +er(T = 1) (19)
1<j<J

Finally, by substituting (18) into (19) and taking into account the corresponding transversality condition
from (9), we obtain the following equation in unknown X;(T) = 0:

1 1 1 —pto(X(T)) +p (1 — (X(T
Z CR(jl)( _ >+CI _ =P PX(T) +p( (X ( )))_ (20)
Ur-2+1 Ur(j—1)+1 Ur—1y+1 X(T)

1<j<J

Eq. (20) allows determining optimal production or order quantity X;(7) for the multi-stage, continuous-
time manufacturing system. Note, that by setting all inventory costs at zero in Eq. (20), one can now obtain
well know in the operations research literature economic order quantity with limited sales period for the
classical, single-stage newsboy problem as stated by Fact 2.

Fact 2. Ifc;=0fori=1,...,1, then ®(X,(T))=p~/(p" +p7).

We now study the effect of non-restricting machines attended by non-restricting buffers on the optimal
behavior of the system. The approach is similar to that for the restricting machines. We denote by K the
total number of the restricting machines and by Q(k), k = 1,2,...,K their indexes. Next, we propose an
optimal control policy for each subset Sy = {mgu)-1, mow)-2, - - ., Mou-1y+1}, Q(0) =0,k =1,2,...,K of the
non-restricting machines as follows:

e Ifk > 1, use SR (the singular production at the rate of adjacent upstream restricting machine mg_1)) for
each m;, i=Q(k) —1,0(k) —2,...,0(k — 1)+ 1.

e If k=1, use SR (the singular production at the rate of adjacent downstream restricting machine mg))
for each m;, iQ(k) — 1,0(k) — 2,...,0(k—1) + 1.

This policy is more rigorously defined as follows.

Policy B. Consider a system with I restricting machines, J restricting buffers and J switching points,
0<ty <t < -+ <ty <T. The behavior we are proposing for each subset of non-restricting machines S, =
{mQ(k)flamQ(k)f% s 7mQ(k71)+1}> Q(O) = 07k = la 2a cee 7K is

@) if k>1, w(t) =uou-1(t), otherwise u;(t) =ugu(t) for 0<t<T, i=0Q(k)—-1,0k-2),...,
Ok —1)+1;

(i) X,(6) =0 for 0<t<T,i=0k) —1,0() —2,...,0(k — 1) + 1;

(i) if k> 1, (1) = You_1) (1), otherwise Y,(t) =0 for 0<t<T,i=Q(k) —1,0(k—-2),...,0(k = 1) + 1.

We now show the proposed behavior for non-restricting machines satisfies the dual system (8)—(11), the
maximum principle based optimality conditions (13), and does not effect the optimal behavior of the re-
stricting machines determined by Policy A.

Lemma 4. If all restricting machines satisfy Policy A and all non-restricting machines satisfy Policy B, then
these policies provide the optimal solution.

Proof. The proof is straightforward. The policy described in Policy B satisfies Lemma 2, that is the dual
system (8)—(11), and conditions (13) for the non-restricting machines. Moreover, one can readily observe,
that since the costate variables of non-restricting machines for & > 1 simply copy those for the adjacent
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upstream restricting machines and set at zero otherwise, the optimality conditions (13) for the restricting
machines do not change. Finally, copying for k& > 1, ,(t) = yy_)(¢) is feasible because of two facts:
Assumption 2, which implies ¢; > ;1) and X;(¢) = 0 for 0 <¢ < T, which implies any jumps dy, () > 0 of
the costate variables are allowed. [

6. Algorithm

The algorithm is straightforward and immediately follows from Policies A and B as described below.

INPUT: L c;, Uy, i=1,....I; p*, p~.

Step 1. Use Definitions 1 and 2 to determine and number restricting machines Q(k), k = 1,...,K and
restricting buffers R(j), j=1,...,J.

Step 2. Consider only restricting machines. Use (20) to calculate X;(7). Form subsets S; = {mg.,
MRGj)—1y - - - ,mRU,1>+1}, R(O) = 0, ] = 1,2, .. .,J.

Step 3. Use Eq. (18) to calculate J switching points. Use Policy A to set the optimal solution for all
subsets of the restricting machines.

Step 4. Consider all machines. Form subsets of the non-restricting machines Sy = {mgu)-1, mow)-2, - -
I’I’lQ(k,1)+|}, Q(O) = 0, k= 1,27 N ,K.

Step 5. Use Policy B to set the optimal solution for all subsets of the non-restricting machines.

OUTPUT: Optimal controls u;(¢) for 0<¢t<T,i=1,2,...,1I.

)

Lemma 5. Given X;(T) which satisfies Eq. (20), if X;(T)/Upn) < T, then problem (1)~(6) is solvable in O(I)
time.

Proof. According to Lemmas 24, the solution presented by Policies A and B is optimal, if the switching
points determined by (18) are feasible, i.e., there is enough capacity to produce X;(T) by the end of the
planning horizon. The feasibility is straightforwardly provided by requiring ¢ > 0. This inequality, by
taking into account Eq. (18) and the fact that the first restricting machine R(0) + 1 is Q(1), results into
Xi(T)/Uguy < T, stated in the lemma. Moreover, due to Lemma 1, this solution is globally optimal. Finally,
provided a solution of the optimal order quantity equation (20), each step of the algorithm evidently re-
quires only O(/) operations. [J

Remark. Lemma 5 estimates the complexity of solving problem (1)-(6) provided optimal order equation
(20) can be resolved analytically. However, analytical solution is not always available. One can readily
observe that Eq. (20) is monotone in the unknown X;(7), which implies that it can be easily solved nu-
merically to any desired precision.

7. Example

Consider the uniform distribution,

1 for 0<D<d;
— 4 S XU,
¢(D) { 0, otherwise.

Then @(a) = a/d and Eq. (20) takes the following form:

p

T ) 1 1 1
L CR(i— — c
a T Zl</ <J RUD\ Ungayet — Urg-ny Ta Ur—-1y+1

X(T)

(1)




K. Kogan, S. Lou | European Journal of Operational Research 149 (2003) 448458 457

Table 1

Parameters of the five-machine system
Parameters Machine 1 Machine 2 Machine 3 Machine 4 Machine 5
U; 3 2 4 7 6
¢ 2.5 0.5 3 2 1

To illustrate each step of the algorithm, we consider a small, five-machine serial production system. The
input data for such a system is presented in Table 1.

In addition T = 5 time units, d = 24 product units, p™ = 1$ per product unit and p~ = 2$ per product
unit.

Step 1 identifies sets of three restricting machines (K = 3) as O(1) =2, Q(2) =3, O(3) =5 and two
restricting buffers (J = 2) as R(1) = 2, R(2) = 5, respectively. Considering only restricting machines 2, 3 and
5 at Step 2 results in

X5(T)

p

=00 P o= 4.8 product units,
=
T”z(a—a) tosy

Sl = {mz} and S2 = {I’)’l5,I’I’I3}.

Two switching points are calculated at Step 3, as t{, =T — (X5(7)/U,) = 2.6 time units and t, =T —
(Xs5(T)/Us) = 3.8 time units. Then, based on Policy A, the optimal solution is set for restricting machines:

(1) =0 for0<¢r<2.6 and wuy(t) =2 for2.6<t<5,

u3(t) = us(t) =0 for 0<t <38 and us(t) =us(t) =4 for 3.8<r<5.

Next, Step 5 forms subsets of non-restricting machines as Sy = {m;}, S, = {J} and S5 = {m4}. Finally,
according to Policy B, the optimal solution for the non-restricting machines is set at Step 5:

ui(t) = up(t) and us(t) = us(t) for 0<r<S.

8. Conclusion

A dynamic, continuous-time extension of the well-known single-period newsboy problem is introduced
to incorporate such important factors as time, multiple stages and controllable operation rates. The
problem is presented in the context of a serial manufacturing system consisting of tandem machines and
buffers placed after them. With the aid of the maximum principle the continuous-time problem is reduced to
determining optimal production order quantity, ranking machines and buffers, calculating a limited
number of switching time points and assigning production rates over the switching points with respect to
the machine and buffer ranks. We show that if the system has sufficient capacity and the equation derived
for the optimal production order can be solved analytically, the original problem is solvable in O(/) time,
where [ is the number of stages. Furthermore, even if the optimal order equation is not solvable analyti-
cally, it is always solvable in polynomial time numerically to any required precision.

References

Arrow, K.A., Harris, T.E., Marschak, J., 1951. Optimal inventory policy. Econometrica 19, 250-272.
Bitran, G.R., Haas, E.A., Matsuo, H., 1986. Production planning of style goods with high setup costs and forecast revisions.
Operations Research 34, 226-236.



458 K. Kogan, S. Lou | European Journal of Operational Research 149 (2003 ) 448-458

Chang, P.L., Lin, C.T., 1991. On the effect of centralization of the expected costs in a multi-location newsboy problem. Journal of
Operational Research Society 42, 1025-1030.

Chung, K., 1990. Risk in inventory models: The case of the newsboy problem, optimality conditions. Journal of Operational Research
Society 41, 173-176.

Ciarolo, F.W., Akella, R., Morton, T.E., 1994. A periodic review, production planning model with uncertain demand-optimality of
extended myopic policies. Management Science 40, 320-332.

Eeckhoudt, L., Gollier, C., Schlesinger, H., 1995. The risk averse (and prudent) newsboy. Management Science 41, 786-794.

Hausman, W.H., Peterson, R., 1972. Multiproduct production scheduling for style goods with limited capacity, forecast, revisions, and
terminal delivery. Management Science 18, 370-383.

Henig, M., Gerchak, Y., 1990. The structure of periodic review policies in the presents of random yield. Operations Research 38,
634-643.

Kabak, 1., Weinberg, C., 1972. The generalized newsboy problem, contract negotiations and secondary vendors. IIE Transactions 4,
154-157.

Khouja, M., 1995. The newsboy problem under progressive multiple discounts. European Journal of Operational Research 84,
458-466.

Khouja, M., 1999. The single period (news-vendor) inventory problem: A literature review and suggestions for future research. Omega
27, 537-553.

Lau, A., Lau, H., 1988. The newsboy problem with price-dependent demand distribution. IIE Transactions 20, 168-175.

Lau, A., Lau, H., 1996. The newsstand problem: A capacitated multi-product single period inventory problem. Operations Research
94, 29-42.

Lin, C., Kroll, D.E., 1997. The single item newsboy problem with dual performance measures and quantity discounts. European
Journal of Operational Research 100, 562-565.

Maimon, O., Khmelnitsky, E., Kogan K, 1998. Optimal Flow Control in Manufacturing Systems: Production Planning and
Scheduling. Kluwer Academic Publisher, Boston.

Matsuo, H., 1990. A stochastic sequencing problem for style goods with forecast revisions and hierarchical structure. Management
Science 36, 332-347.

Morse, M.P., Kimbal, G.E., 1951. Methods of Operations Research. M.I.T. Press, Cambridge, MA.

Silver, E.A., Pyke, D.F., Peterson, R., 1998. Inventory Management and Production Planning and Scheduling. John Wiley & Sons.



	Multi-stage newsboy problem: A dynamic model
	Introduction
	Problem formulation
	Equivalent deterministic formulation
	Dual formulation and optimality conditions
	Optimal solution
	Algorithm
	Example
	Conclusion
	References


